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Abstract: Determination of zeros of first kind of Bessel functions and their derivatives by fast and reliable 

calculation techniques is essential to determine the necessary Transverse Electric (TE) and Transverse 

Magnetic(TM) modes supported by the circular waveguide (CWG). Here, a fast and reliable computational 

algorithm design based on the conventional secant method to determine the first n roots of these special 

functions is being presented. Our design is based on scanning the guide radius with the desired number of sub-

intervals and finding their zerosby the secant method to determine the desired mode, TE or TM. Repeated roots 

and roots out of the domain is rejected and the remaining desired roots are used to determine the cut-off 

frequency and propagating guide frequency in the z direction. Our design runs under the free “Wolfram CDF 

(Computable Document Format) player” software where the circular waveguide parameters and other designed 

parameters for our secant based calculation can be selected by the user via the manipulation console. It also 

has been opened to the useof researchers for free in the web page of our institution as being presented here. 

Keywords: Bessel functions, Circular waveguides, Cylindrical waveguides, TE modes, TM modes, Numerical 

root finding, Secant method. 

 

I. Introduction 
Determination of Transverse Electric (TE) and Transverse Magnetic (TM) modes supported by the 

circular waveguides (CWGs) involve finding roots of Bessel functions of first kind and their derivatives [1-6]. 

However, since these functions are conventionally and analytically defined in the form of infinite series, finding 

their zeros involve various techniques for fast and reliable approximations [7-13]. Here we design an algorithm 

by using the numerical secant method, which is among such numerical approximation methods [14-16], to find 

all possible modes for a specific circular waveguide whose parameters can be selected by the user. A general 

appearance of our design running under the free Mathematicabased Wolfram CDF player (Computable 

Document Format) software is given in Fig. 1. It is freely open to the use of researchers from all around the 

worldby downloading it from the web address of our institution given in [17]. General properties of the 

Wolfram  CDF player is available in [18-21]Since the secant method is usedto find a single zero of a function 

for a given intervalin the domain (in other words, a pair of points in the domain), our suggestion involves 

scanning the domain (guide radius) according tothe user selected number of divisionsto determine the necessary 

intervals (or, point pairs) to apply the conventional secant algorithm simultaneously to these intervals to 

determine the related modes in each divisions. These modes are obtained in the ascending order as desired. 

Moreover,related cut-off frequencies and propagating wave frequencies (in the z direction) are also calculated 

directly in the ascending order according to the waveguide parameters in our work being presented here. 

 

 
Fig. 1. An appearance of the designed software while running 
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II. Circular Waveguides 
The circular waveguide is occasionally used as an alternative to the rectangular waveguide. Like other 

waveguides constructed from a single, enclosed conductor, the circular waveguide supports Transverse Electric 

(TE) and Transverse Magnetic (TM) modes. Note that, Transverse Electromagnetic(TEM) mode supported by 

other kinds of waveguides such as coaxial, parallel plate, etc., is not supported in the circular waveguide [1-6]. 

These two kinds of modes for the CWG are determined from the Bessel functions of integer orders and their 

derivatives, whose graphs for first five index values are given in Fig. 2. 

 

 
Fig.2. Graphs of Bessel functions of first type: 𝐽𝑚 (𝑥), with index values 𝑚 = 0,1,2,3,4,5 and their 

derivatives:𝐽𝑚
′ (𝑥). 

 

These modes have characteristic cut-off frequencies, below which electromagnetic energy is severely 

attenuated. General properties of the 𝑇𝐸 and 𝑇𝑀 modes can be summarized as follows [1-6]: 

 

2.1 TE Modes 

The Transverse Electric to z (𝑇𝐸𝑧) modes(or simply and conventionally 𝑇𝐸 modes) can be derived by letting the 

vector potential 𝑨 and 𝑭 be equal to the followings: 

𝑨 = 0,   𝑭 = 𝒂𝒛𝐹𝑧(𝜌,∅, 𝑧)          (1) 

By using the following boundary conditions: 

𝐸∅ 𝜌 = 𝑅,∅, 𝑧 = 0, 𝐸𝑧 𝜌 = 𝑅,∅, 𝑧 = 0           (2) 

We finally obtain 𝛽𝑧  of the 𝑚𝑛 mode as follows: 

𝑇𝐸 ⇒ 𝛽𝜌
2 + 𝛽𝑧

2 = 𝛽2           (3a) 

𝑇𝐸 ⇒ (𝛽𝑧)𝑚𝑛 =

 
 
 

 
  𝛽2 − 𝛽𝜌

2 =  𝛽2 −  
𝜒 ′𝑚𝑛

𝑅
 

2

,𝛽 > 𝛽𝜌 =
𝜒 ′𝑚𝑛

𝑅

0,         𝛽 = 𝛽𝑐 = 𝛽𝜌 =
𝜒 ′𝑚𝑛

𝑅

−𝑗 𝛽𝜌
2 − 𝛽2 = 𝑗  

𝜒 ′𝑚𝑛

𝑅
 

2

− 𝛽2,𝛽 < 𝛽𝜌 =
𝜒 ′𝑚𝑛

𝑅

       (3b) 

where 𝜒𝑚𝑛
′  represents the 𝑛th zero (𝑛 = 1, 2, 3,… ) of the derivative of the Bessel function 𝐽𝑚 (𝑥) of the first 

kind and of order 𝑚 (𝑚 = 0, 1, 2, 3,…). The smallest value of 𝜒𝑚𝑛
′  corresponds to 𝜒11

′ = 1.8412 (where 

𝑚 = 1,𝑛 = 1). Cutoff is defined when 𝛽𝑧(𝑚𝑛 ) = 0, namely: 

𝑇𝐸 ⇒ 𝛽𝑐 = 𝜔𝑐 𝜇𝜀 ⇒  𝑓𝑐 𝑚𝑛 =
𝜒𝑚𝑛

′

2𝜋𝑅 𝜇𝜀
         (3c) 

where  𝑓𝑐 𝑚𝑛  is the cut-off frequency above which the related 𝑇𝐸 mode propogates with the guide wavelength: 

𝑇𝐸 ⇒ 𝜆𝑔 =
2𝜋

(𝛽𝑧)𝑚𝑛
         (3d) 

 

2.2 TM Modes 

Similarly, the Transverse Magnetic to z (𝑇𝑀𝑧) modes (or simply and conventionally 𝑇𝑀 modes) can be derived 

by letting the vector potential 𝑨 and 𝑭 be equal to the followings: 

𝑭 = 0, 𝑨 = 𝒂𝒛𝐴𝑧(𝜌,∅, 𝑧)            (4) 

By using the following boundary conditions: 

𝐸∅ 𝜌 = 𝑅,∅, 𝑧 = 0, 𝐸𝑧 𝜌 = 𝑅,∅, 𝑧 = 0         (5) 

we finally obtain 𝛽𝑧  of the 𝑚𝑛 mode as follows:     

𝑇𝑀 ⇒ 𝛽𝜌
2 + 𝛽𝑧

2 = 𝛽2           (6a) 
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𝑇𝑀 ⇒ (𝛽𝑧)𝑚𝑛 =

 
 
 

 
  𝛽2 − 𝛽𝜌

2 =  𝛽2 −  
𝜒𝑚𝑛

𝑅
 

2

,𝛽 > 𝛽𝜌 =
𝜒𝑚𝑛

𝑅

0,         𝛽 = 𝛽𝑐 = 𝛽𝜌 =
𝜒𝑚𝑛

𝑅

−𝑗 𝛽𝜌
2 − 𝛽2 = 𝑗  

𝜒𝑚𝑛

𝑅
 

2

− 𝛽2,𝛽 < 𝛽𝜌 =
𝜒𝑚𝑛

𝑅

       (6b) 

where 𝜒𝑚𝑛  represents the 𝑛th zero (𝑛 = 1, 2, 3,…) of the Bessel function 𝐽𝑚 (𝑥) of the first kind and of order 𝑚 

(𝑚 = 0, 1, 2, 3,…). The smallest value of 𝜒𝑚𝑛  corresponds to 𝜒01 = 2.4049 (where 𝑚 = 0,𝑛 = 1). Cut-off is 

defined when 𝛽𝑧(𝑚𝑛 ) = 0, namely: 

𝑇𝑀 ⇒ 𝛽𝑐 = 𝜔𝑐 𝜇𝜀 ⇒  𝑓𝑐 𝑚𝑛 =
𝜒𝑚𝑛

2𝜋𝑅 𝜇𝜀
        (6c) 

where  𝑓𝑐 𝑚𝑛  is the cut-off frequency above which the related 𝑇𝑀 mode propogates with the guide wavelength 

given in (6c). Since the cutoff frequencies of the 𝑇𝐸0𝑛  and 𝑇𝑀1𝑛  modes are identical (𝜒0𝑛
′ = 𝜒1𝑛 ); they are 

referred to also as degenerate modes. Similar to the TE modes, guide wavelength is as follows: 

𝑇𝑀 ⇒ 𝜆𝑔 =
2𝜋

(𝛽𝑧)𝑚𝑛
         (6d)    

 

III. Our Secant Based Design For Finding Modes In Circular Waveguides 
3.1. The Secant Method For Finding a Single Root 

The secant method is an algorithm used to approximate the root of a given function in the interval: [𝑥1 , 𝑥2] by 

iterations. The method is based on approximating the function by using secant lines. Its algorithm is given in 

any fundamental textbooks such as [14-16]. To find a zero of a function by the secant method is today available 

in any computational program with a very simple commands such as the following for Mathematica [21-25]: 

𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑓,  𝜌,𝜌1,𝜌2 ,𝝆𝒎𝒊𝒏,𝝆𝒎𝒂𝒙 ,𝑴𝒆𝒕𝒉𝒐𝒅 →  "𝑺𝒆𝒄𝒂𝒏𝒕",   
𝑾𝒐𝒓𝒌𝒊𝒏𝒈𝑷𝒓𝒆𝒄𝒊𝒔𝒊𝒐𝒏−> 𝑝,𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦𝐺𝑜𝑎𝑙 → 𝑔]     (7) 

Command in (7) finds the root of function 𝑓 by using initial 𝜌 values 𝜌1&𝜌2(as initial point sets to start the 

iteration) with the following optional terms: i) 𝜌𝑚𝑖𝑛 , 𝜌𝑚𝑎𝑥 values tosearch the roots in this interval only,ii) 

Methodis already secant as default since𝜌1 ,𝜌2 both exists, iii) working precision and accuracygoal values 𝑝&𝑔. 

Optional terms are shown in bold in (7).The method would be defined as Newton-Raphson when 𝜌2 is not 

entered as default [21,25]. Default values of working precision and accuracy goal as explained in [21,25] are 

also used when these options are not entered. 

Approximation to the numerical value to 𝜋 via root finding by the secant method is given in the following 

examples to summarize the options we use in our design by Mathematica: 

3.1.1. Example 1: 

In[1]=: FindRoot[Sin[𝜌], {𝜌, 1, 4}, Method -> "Secant", AccuracyGoal -> 6, WorkingPrecision -> 4] 

𝑂𝑢𝑡 1 =  {𝜌−>  3.140}        (8a) 

3.1.2. Example 2: 

In[2]=:  FindRoot[Sin[𝜌], {𝜌, 1, 4}, Method -> "Secant", AccuracyGoal -> 6, WorkingPrecision -> 18]      

𝑂𝑢𝑡 2 =  {𝜌−>  3.14159265358975762}      (8b) 

3.1.3. Example 3: 

In[3]=:  FindRoot[Sin[𝜌], {𝜌, 1, 4}, Method -> "Secant", AccuracyGoal -> 16, WorkingPrecision -> 18]      

𝑂𝑢𝑡 3 =  {𝜌−>  3.14159265358979324}        (8c) 

3.1.4. Example 4: 

In[4]=:  FindRoot[Sin[𝜌], {𝜌, 1, 4}, Method -> "Secant", AccuracyGoal -> 30, WorkingPrecision ->30]      

𝑂𝑢𝑡 4 =  {𝜌−> 3.14159265358979323846264338328}      (8d) 

3.1.5. Example 5: 

𝐼𝑛[5] = :  𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑆𝑖𝑛[𝜌], {𝜌, 1, 3, 4, 5}] 
𝑂𝑢𝑡 5 =  𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑆𝑖𝑛[𝜌], {𝜌, 1, 3, 4, 5}]    (8e) 

This ends up with the following error message:  

𝐷𝑢𝑟𝑖𝑛𝑔𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝐼𝑛 5 ≔ 

𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡: : 𝑠𝑡𝑟𝑒𝑔: "𝑇𝑒 𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔 𝑝𝑜𝑖𝑛𝑡 {1. } 𝑖𝑠 𝑛𝑜𝑡 𝑖𝑛 𝑡𝑒 𝑠𝑒𝑎𝑟𝑐 𝑟𝑒𝑔𝑖𝑜𝑛 {{4. }, {5. }}. >>.(8f) 

3.1.6. Example 6: 

𝐼𝑛[6] = :  𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑆𝑖𝑛[𝜌], {𝜌, 1, 3, 3, 5}] 
𝑂𝑢𝑡 6 =  𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑆𝑖𝑛[𝜌], {𝜌, 1, 3, 3, 5}](8g) 

This also ends up with the following error message: 

𝐷𝑢𝑟𝑖𝑛𝑔𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑖𝑜𝑛𝑜𝑓𝐼𝑛 6 ≔ 

𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡: : 𝑠𝑡𝑟𝑒𝑔: "𝑇𝑒𝑠𝑡𝑎𝑟𝑡𝑖𝑛𝑔𝑝𝑜𝑖𝑛𝑡 {1. } 𝑖𝑠𝑛𝑜𝑡𝑖𝑛𝑡𝑒𝑠𝑒𝑎𝑟𝑐𝑟𝑒𝑔𝑖𝑜𝑛 {{3. }, {5. }}. >>.(8h) 

3.1.7. Example 7: 

𝐼𝑛[7] = :  𝐹𝑖𝑛𝑑𝑅𝑜𝑜𝑡[𝑆𝑖𝑛[𝜌], {𝜌, 3.1, 3.2, 3, 5}] 
𝑂𝑢𝑡 7 =  {𝜌−>  3.14159}        (8i) 
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However, this ends up with correctly calculated result. 

 

3.2.Finding Multiple roots by the Secant Method 

Secant method whose Mathematica code is given above in (7) finds only one root in the interval: [𝜌1 ,𝜌2]. So, 

for finding multi-roots in the domain [𝜌𝑚𝑖𝑛 ,𝜌𝑚𝑎𝑥 ] (which corresponds to [0,𝑅] here in our waveguide 

analyses), we can apply it by subdividing the domain into many sub-domains as follows: 

Step 1:Define the followings: 

Domain:[𝛒𝐦𝐢𝐧,𝛒𝐦𝐚𝐱];number of sub-intervals to scan: 𝒌. 

Step 2:  For 𝒏 = 𝟏 to 𝒌 

 ∆𝝆 = (𝛒𝐦𝐚𝐱 − 𝛒𝐦𝐢𝐧)/𝒌         (9) 

𝝆𝒊 ←Find root by the Secant Method {𝒇 𝝆 ,𝝆𝟏𝒊 ← 𝒊 × ∆𝝆,𝝆𝟐𝒊 ←  𝒊 + 𝟏 × ∆𝝆,   
𝑨𝒄𝒄𝒖𝒓𝒂𝒄𝒚𝑮𝒐𝒂𝒍 → 𝒑𝒓𝒆𝒄𝟏,𝑾𝒐𝒓𝒌𝒊𝒏𝒈𝑷𝒓𝒆𝒄𝒊𝒔𝒊𝒐𝒏 → 𝒑𝒓𝒆𝒄𝟐} 

End For 

However, we have repeated roots some of which are very close to each other. Results of two examples where 

∆𝝆  is directly chosen as 0.2 to find the roots of 𝑆𝑖𝑛(𝜌) in 1 < 𝜌 < 7are given in Fig.3 and Fig.4.  

 

 
Fig.3.Results for finding roots of 𝑆𝑖𝑛(𝜌) in 1 < 𝜌 < 7 using algorithm in (13) with ∆𝝆 = 0.2. 

 

In the calculation shown in Fig.3, optional root interval is not defined in each step and we have two different but 

very close root values at 𝜌 ≈ 0. The same case also happens for the root 𝜌 ≈ 3.14. Moreover, we have roots far 

from the domain 1 ≤ 𝜌 ≤ 7. In the calculation shown in Fig.4, optional root interval is correctly defined as 

discussed above in each step. However, we again repeated roots and an error message for one of the roots as 

follows: 

FindRoot::reged: "The point {3.2`_ is at the edge of the search region {3.2`30., 6.2`30._ in coordinate 1 and the 

computed search direction points outside the region.>>.  

 

 
Fig.4. Results for finding roots of 𝑆𝑖𝑛(𝜌) in 1 < 𝜌 < 7 using algorithm in (13) with ∆𝝆 = 0.2 where root 

interval is defined in each step. 
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3.3. Our Secant Based Algorithm for the Circular Waveguides 

We have used the sine function rather than Bessel functions of the first order (and also their 

derivatives) for simplification so far.We have seen that the secant method given above finds only one root in the 

interval: [𝝆𝟏,𝝆𝟐] and the algorithm in (9) based on division of the domain into many small subdomains for 

finding multi-roots have some problems as discussed above. Convergence should also be considered carefully. 

Now, we suggest the following algorithm for the circular waveguides: 

 

Step 1: Input the followings in manipulation console:  

Guide radius: 𝑹; frequency: 𝒇𝒓𝒆𝒒; medium permittivity and permeability values: 𝜺&𝝁; 

 Mode:𝑻𝑬&𝑻𝑴 (in two options); Bessel indice: 𝒎; precision: 𝒑𝒓𝒆𝒄𝟏; 

number of sub-intervals to scan: 𝒌.;number of digits: 𝒑𝒓𝒆𝒄2; update: 𝒐𝒏/𝒐𝒇𝒇𝒃𝒖𝒕𝒕𝒐𝒏; 

    Matrix:  𝑷𝒌×𝟏: =  𝝆𝟏𝝆𝟏 …𝝆𝒌 
𝑻 

Step 2:Evaluate and define the followings: 

If Mode=𝑇𝑀 

 𝑓 𝜌 = 𝐽𝑚
′  𝜌  

else 

 𝑓 𝜌 = 𝐽𝑚  𝜌  
end if 

domain of guide radius (𝜌): [0,𝑅]; ∆𝝆 = 𝑹/𝒌 

Step 3: For 𝒊 = 𝟏 to 𝒌 

𝝆𝒊 ←Find root by the SecantMethod {𝒇 𝝆 ,𝝆𝟏𝒊 ← 𝒊 × ∆𝝆,𝝆𝟐𝒊 ←  𝒊 + 𝟏 × ∆𝝆, 𝝆𝒎𝒊𝒏,𝒊 ← 

𝟎,𝝆𝒎𝒂𝒙,𝒊 ← 𝑹,𝑨𝒄𝒄𝒖𝒓𝒂𝒄𝒚𝑮𝒐𝒂𝒍 → 𝒑𝒓𝒆𝒄𝟏,𝑾𝒐𝒓𝒌𝒊𝒏𝒈𝑷𝒓𝒆𝒄𝒊𝒔𝒊𝒐𝒏 → 𝒑𝒓𝒆𝒄𝟐} 

End For 

Step 4: For 𝒊 = 𝟏 to 𝒌 − 𝟏 do 

 For 𝒋 = 𝒊 + 𝟏 to 𝒌 do 

If[Abs[Round[𝝆𝒊],0.001]-Round[𝝆𝒋],0.001]]<0.0001, 

 𝝆𝒊 ← “will be deleted” 

 End if 

End for 

End for 

Step 5:𝑷 ← 𝑷 ∖ "𝒘𝒊𝒍𝒍𝒃𝒆𝒅𝒆𝒍𝒆𝒕𝒆𝒅" 

For 𝒊 = 𝟏 to 𝒏 ←Dimension of P 

Evaluate frequencies: 𝒇𝒄&𝒇𝒛 from mode 𝝆𝒊 ∈ 𝑷; 𝑷𝒊 ←  𝝆𝒊𝒇𝒄𝒇𝒛 (𝟏×𝟑) 

End for 

Step 6: Output: Matrix P      (10) 

 

Accuracy goal value and working precision values are chosen as precision and output digit variables in the 

manipulation command of Mathematica, which is in the form as follows [21]: 

𝑴𝒂𝒏𝒊𝒑𝒖𝒍𝒂𝒕𝒆[𝒆𝒙𝒑𝒓, {{𝒖,𝒖𝒊𝒏𝒊𝒕},𝒖𝒎𝒊𝒏,𝒖𝒎𝒂𝒙,𝒅𝒖}]      (11) 

where variable 𝒖 takes values between 𝒖𝒎𝒊𝒏 and 𝒖𝒎𝒂𝒙 with initial value:𝒖𝒊𝒏𝒊𝒕 and step:𝒅𝒖in the 

manipulation console. Our waveguide parameters and root finding parameters, are entered by the user via 

manipulation console in step 1 of our algorithm. Here, 𝒊th element of column matrix 𝑷is defined for 𝝆𝒊 which is 

the 𝒊th root of 𝒇 𝝆  where index 𝒊takes the value from zero up to the division number entered by the user as 

shown in Step 3. In step 2, function 𝒇 𝝆  is defined: it is 𝑱𝒎
′  𝝆 if the user selected mode as 𝑻𝑬 and it is 

𝑱𝒎 𝝆 otherwise (which means mode is selected by the user as 𝑻𝑴 since it has defined in two options). Here, 

Bessel index 𝒎 is also selected by the user in the manipulation console. In Step 3, domain  𝟎,𝑹  is divided into 

user selected 𝒌 sub-domains with index 𝒊similar to (9). Here, Accuracy goal and working precision values are 

also selected by the user from the manipulation console. Result with 𝒊th root is assigned to the 𝒊th element of the 

column matrix 𝑷. Here roots are found between 𝟎 < 𝝆 < 𝑹 in order that all the indices guarantee that initial 

point pairs are inside this domain to prevent an error. Roots outside the domain is automatically rejected. In Step 

4, we scan all the elements except for the last one by index 𝒊 and for each 𝒊, we scan the other elements starting 

from the next element with index number 𝒋 where 𝒋 starts from 𝒋 = 𝒊 + 𝟏and scans up to 𝒌. Since the repeated 

roots in the result of the secant method are the same or very close to each other as seen in Fig. 3 and Fig. 4, we 

round the elements roots with index 𝒊 and 𝒋 up to 0.0001. If the absolute value of their differences is smaller 

than 0.001, either of them (it is the one with index 𝒊 in our algorithm is replaced by the string element: “will be 

deleted” and the other one remains the same. In effect, repeated roots and roots very close to each other is 

eliminated. The numbers for rounding of and closeness decision given above are our preferences which works 

very well in the domain of the waveguide parameters selected by the user. For different domains, different 
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preferences can be chosen. In Step 5, complement of the reduced column matrix (as a result of the eliminations 

of the repeated roots) is assigned to matrix 𝑷, hence the elements with  “will be deleted” are removed entirely. 

Now, we again scan all the elements in the reduced new 𝑷 matrix from index 𝒊 = 𝟏 up to 𝒊 = 𝒏 ←Dimension of 

P. Elements of 𝑷(=new 𝝆𝒊 elements) are now the desired distinct roots of 𝒇 𝝆 , which is whether 

𝑱𝒎
′  𝝆 or𝑱𝒎 𝝆 , depending on the mode selection of the user. These roots are the values of the related modes 

(𝝌𝒎𝒊
′ = 𝑻𝑴𝒎𝒊or 𝝌𝒎𝒊 = 𝑻𝑬𝒎𝒊) where 𝒎 value is the Bessel index selected by the user and 𝒊 value is the position 

number of the mode in 𝑷𝒏×𝟏. Now, related frequencies (𝒇𝒄&𝒇𝒛) are calculated according to (3c)&(3b) and (6c)-

(6b) and 𝒊th element of column matrix P is replaced by the triples: {𝝆𝒊,𝒇𝒄,𝒇𝒛}, which is a row matrix. As a 

result, matrix P becomes as follows:  

𝑷𝒏×𝟑 =  
𝝆𝟏 𝒇𝒄𝟏 𝒇𝒛𝟏

⋮ ⋱ ⋮
𝝆𝒏 𝒇𝒄𝒏 𝒇𝒛𝒏

          (12) 

For the user selected mode type (𝑻𝑴 and 𝑻𝑬) and Bessel index 𝒎, the solution of the waveguide under study 

becomes matrix P given in (12), namely, 

𝝌𝒎𝒊
′ = 𝑻𝑴𝒎𝒊or 𝝌𝒎𝒊 = 𝑻𝑬𝒎𝒊 ⇒ 𝑷𝒊𝟏,    𝒊 = 𝟏,𝟐,… ,𝒏 

 𝒇𝒄
𝑻𝑴 𝒎𝒊or 𝒇𝒄

𝑻𝑬 𝒎𝒊 ⇒ 𝑷𝒊𝟐,    𝒊 = 𝟏,𝟐,… ,𝒏        (13) 

 𝒇𝒛
𝑻𝑴 𝒎𝒊or 𝒇𝒛

𝑻𝑬 𝒎𝒊 ⇒ 𝑷𝒊𝟑,    𝒊 = 𝟏,𝟐,… ,𝒏 

Guide wavelength given in (3d)-(6d) may also be added as the fourth column or any row in 𝑷 in (12) may have 

not been added according to our aim to calculate. 

 

IV. Results And Discussion 
Our secant based design running under free Wolfram CDF player is available in [17] and entirely free 

for the researchers. Since the values of TM modes (𝜒𝑚𝑛 ) and TE modes (𝜒𝑚𝑛
′ ) are the 𝑛th zeros of the Bessel 

functions and their derivatives with index 𝑚 respectively, these values are conventional constants and 

independent of the waveguide parameters. One can check them by using our free design that these common 

values are in consistence with the results given in [6]. Although these common conventional values are available 

in such materials, their accuracy and fast calculation and speed of retrieving plays an important role here. In our 

design, user can change the accuracy by setting the precision value among: 10
-12

, 10
-11

, …,10
-6

 and can change 

the number of digits (=working precision) in the outputs among: 5,6,…,15. As the precision value is set to 

smaller values and/or the working precision is set to higher values, number of iterations in the secant based root 

finding whose Mathematica command is given in (7) increases and calculation speed decreases, though, we get 

much more precise results in much more digits. As any of the guide parameters (Guide radius: 𝑅, frequency: 

𝑓𝑟𝑒𝑞, medium permittivity and permeability values: 𝜀&𝜇) change, related cut-off frequency: 𝑓𝑐  and propagating 

wave frequency (in the z direction): 𝑓𝑧  are instantly calculated for the desired TE or TM modes in the desired 

accuracy and in the desired digit numbers just after the update button is activated. Results for TE modes with 

some selected set values are given in Table 1, and results forTM modes with the same selected set values are 

given Table 2. 

The TE and TM modes supported by the cylindrical waveguides are obtained successfully by the 

algorithm presented in (10) here. Results are in a great consistence with the results given in [6] where the 

Newton-Raphson method was used. Moreover, degenerate 𝑻𝑬𝟎𝒏 and 𝑻𝑴𝟏𝒏 modes where cut-off frequencies are 

common as given in [4-6] is also apparently seen (also shown in bold) in our results given in Table 1 and Table 

2 with 𝝌𝟎𝒏
′ = 𝝌𝟏𝒏. Note that, since roots of the related Bessel functions or their derivatives greater than the 

radius value of the CWG (which is set to 30 for Table 1 and Table 2 values) are not accessible, they are marked 

by 30< in Table 1 and Table 2. However, these modes in high 𝒏 values become accessible and hence can be 

obtained in our design by increasing the radius of the CWG from the user console.This design works for lossless 

media and in high guide radius values but our aim here is just to find the roots by the conventional secant 

method and show their application to circular waveguides. However, it can be very easily modified for practical 

applications suitable for smaller guide radius values. As an example, radius can be scanned as if being huge 

according to our algorithm, all the way just as we did here, to determine the zeros. But, finally equation (3c) for 

the TE or equation (6c) for the TM is applied using the real radius values, which may be relatively very small. 
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Table.1. Results for TE modes with the values set to the followings: R=30cm, f=4GHz, 𝜀 = 𝜀0, 𝜇 = 𝜇0, 

precision=10
-6

, division:100, number of output digits=10. 

 
 

 

Table.2.Results for TM modes with the values set to the followings:  R=30cm, f=4GHz, 𝜀 = 𝜀0, 𝜇 = 𝜇0, 

precision=10
-6

, division:100, number of output digits=10 
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